We derive new mean value theorems for functionals associated with Hadamard inequality for convex functions on the coordinates. We present some Hadamard type inequalities and related results for m-convex functions on the coordinates.
Introduction
We start with the very basic concept of a convex function that has been seen as important ever since it was defined. 
where λ ∈ [, ], and x, y ∈ I.
One cannot deny the importance of convex functions. It is used by many mathematicians in many fields of mathematics such as functional analysis, mathematical statistics, and complex analysis (see for example [-] and references therein). In the field of inequalities, convex functions play a unique role. Most of the new inequalities till now defined are results and consequences of (). The most cardinal and classical inequality for convex functions is stated in the following. We will keep the notation
Theorem . Let f : I → R be convex function and a, b ∈ I with a < b, then
Recall that a mapping f :
the following inequality holds:
It can be seen that every convex mapping f :  → R is convex on the coordinates but the converse is not true. Dragomir gave the Hadamard inequality for a rectangle in the plane for convex functions on the coordinates (see [] 
In [] using inequality () and () Dragomir and Toader gave the following Hadamard type inequality for m-convex functions.
, then one has the following inequalities:
They also gave the following related results to the Hadamard type inequality for mconvex functions.
In this paper, new mean value theorems of Cauchy type for functionals associated with nonnegative differences of the Hadamard inequality on the coordinates are proved. Generalized results related to the Hadamard inequality for m-convex functions on the coordinates are also given.
Mean value theorems
We know that if a function f is twice differentiable on an interval I then it is convex on I if and only if its second order derivative is nonnegative. If a function f (X) := f (x, y) has continuous second order partial derivatives on interior of  then it is convex on  if the Hessian matrix
It is easy to see that f :  → R is coordinated convex on  iff
are nonnegative for all interior points (x, y) in  .
For a real valued function f :  → R we define
One can note that H(f ) ≥  if f is convex on the coordinates in  .
To give the mean value theorems of Cauchy type, we need the following lemma.
Consider the functions g, h :
Then g and h are coordinated convex in  .
Proof Since
for all interior points (x, y) in  , g is convex on the coordinates in  .
Similarly one can prove that h is convex on the coordinates in  . 
Theorem . Let f
and
provided that H(q) = .
Proof Since f has continuous partial derivatives of second order in compact set  , there exist real numbers m  , m  , M  , and M  such that
Now consider functions g defined in Lemma .. As g is convex on the coordinates in  ,
From this we get
On the other hand, for the function h, one has
As H(q) = , combining inequalities () and (), we get
Then there exist (η  , ξ  ) and (η  , ξ  ) in the interior of  such that
Hence the required result follows.
Hadamard type inequalities for m-convex function on two coordinates
In this section we give Hadamard type inequalities for m-convex functions on two coordinates. First of all we give the definitions of m-convex functions in two coordinates. In the following we give the Hadamard type inequality for m-convex functions on the coordinates.
Then we have
Proof 
From this one has
Similarly using () for the function f x we have
By adding () and (), we get
For fixed y using the m-convexity of f y we have
Performing the average integral over the interval [a, b] and using () we get
Similarly for fixed x using the m-convexity of f x one has 
